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I. Introduction

I NTELLIGENT Player (IP) is a computer generated heli-
copter that performs one-on-one air combat in real time

simulation.1"3 The IP decision process is based on chess-type
tree lookahead and is documented in Ref. 1. This Note ad-
dresses the theoretical foundation of this process. The addi-
tional contributions made here are 1) a rigorous derivation
from a differential game, 2) a refinement of the score prop-
agation rule, and 3) an explanation of the significance of
staggered decision points.

Tree lookahead has long been an analytic tool for studying
discrete games. For some games, such as chess, it is now also
the preferred tool for computing decisions in real time.4 Ex-
tensions of the chess scheme have also been proposed as
appropriate for some differential games, including air combat
by helicopters. Chess-type tree lookahead has been applied
to air combat between rotorcraft by Austin et al.5-6 in a project
called Automan as well as by this author and collaborators
in IP.

Chess is exactly solvable by unrestricted tree lookahead.
Truncation and pruning provide a class of approximations.
The case of air combat, as previously treated by IP and Au-
toman, is different. The analogy drawn between chess and
air combat was intuitive, and the application of chess tech-
niques was heuristic. It was not clear, even if the lookahead
were carried to unlimited depth and followed by limiting pro-
cesses restoring continuous time and control, that the pro-
cedure would constitute the optimal solution of a known dif-
ferential game.

These deficiencies in the theoretical basis for IP are cor-
rected in this Note. We identify a simplified differential game
from which the IP scheme rigorously follows. This affords a
clear separation of the assumptions embodied in IP into two
classes:

1) Simplifying assumptions about the nature of air combat,
information available to the combatants, and the vehicles and
weapon systems used are grouped together into the simplified
differential game, that a player uses as his (the pronoun he
in all its forms is used in this Note generically to mean "he,
she, or it") model of reality, when working out his decision.

2) The tree lookahead as the method of obtaining decisions
that are optimal for the simplified game.

The separation permits study of the mathematics of the
lookahead scheme decoupled from all other issues.

Air combat has previously been treated as a differential
game.7 The game defined here is put forward for a very spe-
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cific purpose: to provide a setting (as simple as practical) in
which the IP lookahead scheme can be studied. It is designed
to help shed light on the mathematical details of the tree
lookahead method and its convergence in the continuous limit,
more so than on air combat.

II. Simplified Differential Game of Air Combat
In this section we define the simplified air combat differ-

ential game. There are two players, designated blue and red.
Each controls an aircraft. The state vector of these aircraft
are denoted xh and xr, respectively. They are subject to dif-
ferential equations of the form

*„ = MX*, "*) (1)

x, = f,(xr, ur) (2)

where uh and ur represent the control inputs for the blue and
red aircraft. The state vectors include at least six degree-of-
freedom (DOF) information, possibly additional relevant DOF.
The control vectors include all relevant control inputs. The
number of components in xb need not be the same as in xr,
nor do uh and ur need to be of the same dimensionality. The
functions fh and fr are presumed different.

So far each aircraft is a control object. In order to tie them
into a differential game, we endow each aircraft with one
additional discrete DOF, it may be alive or it may be dead.
The total system must be in one of four states, each endowed
with a corresponding probability (Table 1).

Transitions between the four states are governed by prob-
abilities of kill Kh for blue and Kr for red, which represent
the conditional probability per unit time that blue (or red),
if alive, becomes dead.

Kh and Kr are taken to be functions of xb and xr. In the
case of body fixed guns, the probabilities of kill for each player
are nonzero only in a "lethal zone" rigidly attached to the
body of his opponent (Fig. 1). More complicated schemes
involving turreted guns and other weapons could also be ac-
commodated. We assume unlimited ammunition and that the
trigger is pressed at every kill opportunity. This obviates the
need for control inputs for managing the guns.

With the probabilities of kill defined, the state probabilities
become subject to these equations:

P2 = -P2(Kb + Kr)

Pb = P2Kr

(3)

(4)

Pr = P2Kh (5)

P0 = 0 (6)

See the Appendix for the derivation and proof of consistency.

Table 1 Probabilities of discrete states

Red
Alive Dead

Blue Alive
Dead

P,
Pr Po
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Fig. 1 Lethal zones for body fixed guns and heuristic score in intel-
ligent player.

A player also transitions from the live to the dead state
when his trajectory crossed the surface of the Earth or a hard
object. A simultaneous transition of both players into the dead
state may be programmed in case of a collision (defined geo-
metrically). However, the IP application preferred to ignore
collisions on this level and treat them heuristically.3

We now complete the definition of the differential game.
At the start of the game P2 = 1, Pb = Pr = P0 = 0. The
score is defined as

(7)

The values of S are limited to the range -1 < S < 1. Blue's
goal is to maximize 5, Red's goal is to minimize it.

III. Stepwise Discrete Control
The tree lookahead scheme replaces the continuous control

variables uh, ur with discrete control decisions that must be
maintained for an interval of time before they can be changed.
References 2 and 5 make explicit the set of discrete choices
provided in Automan and in IP, respectively.

The discrete choices are typically extreme maneuvers with
the load generated by the aircraft being on the load envelope.
This is in line with the bang-bang style of control that is
expected on the basis of optimal control theory and of ex-
perience with air combat. The discrete choices are not in terms
of constant input values of stick, rudder, and throttle, or of
cyclic, pedals, and collective, but rather in more abstract terms,
such as "climb," "accelerate," "turn right." These discrete
inputs are translated into histories of control inputs by logic
(code), called maneuver interpreter. Maneuver interpreters
have been employed in both Automan and IP, although their
details have not been published.

We represent the maneuver interpreters by functions Ub
and Ur

uh = Ub(ib,xb), (8)

(9)

where ib and ir denote the discrete maneuvers selected.
For the period of time that a discrete maneuver selection

is maintained by each player, Eqs. (8) and (9) may be sub-
stituted in Eqs. (1) and (2), respectively. This eliminates the
control variables and allows the integration of Eqs. (1) and
(2) to yield the actual space-time trajectories flown.

For given-space time trajectories, Eqs. (3-6) can be re-
duced to a quadrature. Equation (3) integrates into

r f" iP2(t0, t t ) = exp - (Kb + Kr) dt
L J'<> J

^ is the initial time, and tl is the time for which the probability
applies. The variable of integration is t. With P2 determined,
Eqs. (4) and (5) can now be integrated

Pr(4» t,) = f '
A)

t)Kb dt

Equation (6) trivially determines

= 0

(11)

(12)

(13)

K, and Kb depend on the changing relative position of the
players and through it on time. With the discrete maneuver
selection by the players, ir and i'6, given, the trajectories are
known, and integrands in Eqs. (10-12) become known func-
tions of time.

The probabilities of Eqs. (10-13) must be modified as ex-
plained above when a player flies into the ground or an ob-
stacle (and in case of collision, if desired).

IV. Propagation of the Score
We next consider a period of the game starting at time t0

and ending at time t2. Consider an intermediate time ^. The
game score at t2 is

S(t0, t2) = Ph(t(), t2) - Pr(f0, f2)

2fe, t)(K, - Kb) dt

= /»,(/„, t)(K, - Kh) At + P2(ta, t)(K, - Kb) dt

r
Jr,

i d t

Note that P2 of Eq. (10) decomposes as

P2('o, 0 = P2(*b, t,)P2(tl9 0

When this is substituted in Eq. (14), we get

5(/0, /2) = Pb(tOJ t,) - Pr(t«, t,)

+ P2(r0, /,) |'2 P2(tl9 t)(K, - Kb) dt

= Pb(t0, t,) - Pr(t0, t,) + P2(*0, t,)S(tl9 t2)

(14)

(15)

(10)

(16)

This is the rule for propagating the score computed for the
interval (^, t2) to time t{}.

The tree lookahead scheme consists of the definition of the
sequence of decision times. These are points in time when
one player or the other is allowed to change his discrete con-
trol input. The (half-open) interval starting with a decision
and up to the next decision is called a ply. During each ply
the discrete control inputs for both players, ib and ir, are
unchanged, and the computations of this section apply. Two
plies with one decision for each player form a step.

The tree root is at the current time for which a player desires
to determine the optimal selection of discrete control. The
player computing the tree allows himself a decision at the
root. The root as well as subsequent decision times are nodes
of the tree. From each node all possible discrete control de-
cisions are explored. The trajectories that result from a par-
ticular selection of discrete controls constitute a branch. Each
branch terminates in a node where one player is allowed to
alter his discrete control. The tree is visualized as being in-
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Fig. 2 Air combat tree.

verted (Fig. 2). The root is at the top and the branches grow
down. The vertical axis in Fig. 2 corresponds to time, and
down is the direction of the future.

If the game were defined to last a finite time, and the tree
were developed for the entire period, then the score at ter-
minal nodes would be zero. In practice, the tree development
is stopped well short of the end of the game. In that case a
heuristic estimate of the score at a terminal node is required.
The heuristic used by IP is illustrated in Fig. 1. It is expected
that (as in chess) inaccuracy of an estimate used at a terminal
node will be compensated by propagation up the tree.

Scores at individual nodes are propagated up each branch
using Eq. (16). At each nonterminal node several branches
converge, corresponding to different control selections by one
player. From among the scores propagated up these branches,
the one most favorable to that player is selected as the node
score. The optimal decision is the one corresponding to the
most favorable branch emanating from the root. The score
at the root is the estimate of the score to result from the
optimal decision.

V. Staggered Decisions
Our procedure for selecting the score at a nonterminal node

depends on the requirement that only a single player make a
control decision there. If simultaneous decisions by both play-
ers were allowed, then a problem of selecting from a matrix
of propagated scores would arise. This is in fact the practice
in Automan, and the saddle point of the matrix is the desired
selection. But the matrix may not possess a saddle point! In
the Automan experience8 this occurrence has not been de-
tected, but other sources report it occasionally. See e.g., Ref.
7, p. 130.

Should a matrix without a saddle point appear in a scheme
employing simultaneous decisions, some of the options are as
follows:

1) Allow one player or the other to select first.7 This amounts
to staggered decisions with an infinitesimal ply in between.
This breaks the symmetry between players in a way that has
no basis in the differential game.

2) Employ mixed strategies. But the differential game ad-
mits a solution in pure strategies. An approximation scheme
that calls for mixed strategies fails even qualitatively.

The use of staggered decision times guarantees that the
above undesirable situation cannot arise.

Staggered decisions are of value also in that they afford a
richer set of approximations. One can restrict the game in
terms of plies (decisions for one player), rather than steps
(decisions for both players). The three-ply approximation (two
choices for the decision maker vs one for his opponent) is of
particular significance, since it is the first opportunity for for-
mulating a plan. The decision maker can accept a temporary
disadvantage on his first decision to reap an advantage on the
second.

VI. Conclusions
The formal approach segregates the outstanding issues of

tree lookahead from the issues of air combat modeling. This

should allow future studies to address one issue at a time.
The simplified game provides a framework in which the effect
of discrete control and the limiting process, as discrete control
tends to continuous control, can be studied. The simplified
game, restricted to discrete control, provides a framework in
which the effect of limited depth lookahead and heuristic score
estimates at terminal nodes can be studied. These specific
points are decoupled from the many issues involved in the
modeling of air combat.

Appendix A: Derivation and Properties of Solution
In this Appendix, Eqs. (3-6) are derived, and it is shown

that the probabilities they determine remain in the segment
[0, 1].

The probabilities of kill are defined as conditional proba-
bilities per unit time for one player being killed by the other's
fire. Thus, Kr dt is the probability for a transition from state
2 (both alive) to state b (blue is alive and red is dead) during
the interval (t, t + dt), given that they were both alive at time
t. State b may exist at t + dt because it already existed at t,
or because state 2 was then in effect and a transition occurred:

Ph(t + dt) = Ph(t) + P2(t)K, (Al)

The last equation is readily worked around into Eq. (4). The
derivation of Eq. (5) follows the same lines.

Once a player is dead, further transitions are impossible.
The rate of direct transition 2 to state 0 (mutual kill) during
the interval (t, t + dt) is proportional to KrKh dt2, which leads
to Eq. (6).

Equation (3) may be derived along the same lines as Eqs.
(4) and (5). On the other hand, note that the four cases 2,
b, r, 0 are disjoint and together cover all possibilities. There-
fore

P2

P2

Pr

0 - 0

(A2)

(A3)

When any three of Eqs. (3-6) are given, the fourth follows
from Eq. (A3).

The initial values for the probabilities are P2 = 1, Pb — Pr
= PO = 0. Equation (A3) guarantees that Eq. (A2) will be
satisfied at all times. We now proceed to show that the in-
dividual probabilities remain in the segment [0, 1]. We start
with P2. Equation (3) is readily reworked into Eq. (10). Kr
and Kh on the right side of Eq. (10) depend on the trajectories
flown, and through them on time. In the case of discrete
control discussed in Sec. Ill, these trajectories are known
during any given ply, and Eq. (10) describes a quadrature.
In the more general case the trajectories are not known, and
Eq. (10) is an integral equation. Regardless of that, the ex-
ponent on the right side of Eq. (10) is negative, which places
P2 in [0, 1].

Ph and P, start at 0, and their time derivatives are non-
negative. Therefore, Ph and Pr are non-negative. P0, following
Eq. (6), remains 0. From this and Eq. (A2) it follows that

0 < Ph = 1 - Pr - P2 < 1 (A4)

and similarly for Pr.
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Time Integration Method (TIM)
The small structural deformation of a wing can be expressed

by

Z(x,y,t)= (1)

where <b,(x, y) is the rth eigenmode, and q,(t) is the corre-
sponding generalized coordinate.

Then, the equation of motion can be written as

(2)

where (M) and (K) are the generalized mass matrix and stiff-
ness matrix, respectively, (/) is the generalized aerodynamic
force vector.

By introducing the state vector (e) = (ql9 q2, - . . , q^, q\,
<J2, - • • » 4tf)r» Eq- (2) is transformed to
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Introduction

T O consider the nonlinear flutter characteristics of wings
at high angle of attack, Strganac and Mook1 developed

an integration method in the time domain. With the unsteady
airloads on wings obtained by an unsteady vortex-lattice
method, the equation of motion for the moving wing is in-
tegrated in the time domain. In Ref. 1, only the results of a
rectangular wing with large aspect ratio (AR = 10) were
given. For another low aspect ratio rectangular wing, no de-
tailed results were supplied. The integration method in Ref.
1 can give the vibration history of wings at any flying speeds,
but this computation procedure is time consuming.

By introducing a describing function for the nonlinear gen-
eralized aerodynamic force, Ueda and Dowell2 analyzed the
flutter of airfoils at transonic flow. This method is based on
the frequency domain, and has better computational effi-
ciency.

Presently, the phenomenon of nonlinear flutter for wings
with separated vortex at high angle of attack has not been
thoroughly investigated. Therefore, wind-tunnel tests for this
problem would be helpful for further research.

In this Note, both time integration method and describing
function method are developed for the nonlinear flutter anal-
ysis of wings at high angle of attack. The needed nonlinear
airload distribution is calculated by a subsonic unsteady
method—potential difference method,3 developed recently
by the authors. Additionally, the experiments of flutter for
the wings at high angles of attack are conducted, and the test
results confirm the feasibility of the methods mentioned above.

For a certain vector (e), the aerodynamic pressure differ-
ence AP(;t, y) on the wing surface can be computed by the
potential difference method, and the generalized aerodynamic
forces are calculated by

(4)

Equation (3) can be solved by the well-known Runge-Kutta
method. The state vector (e) obtained at the end of each time
step can provide a new initial condition for the next time step
to calculate the needed aerodynamic pressure distribution.
By this procedure, the history of the wing motion can be
simulated in the time domain.

It should be noticed that for a given basic angle of attack,
different from the linear problem, the static deformation (qs)
must be taken into account at first by an iteration process.
The governing equation is

(5)

where (fs) is the static aeroelastic airload. Then, the initial
state vector (e0) for the above Runge-Kutta procedure is formed
with (qs) superposed by a certain disturbance.

Describing Function Method (DFM)
For a harmonic vibration of a wing £ = |e'*T, where r is

the nondimensional time and k is the reduced frequency, the
corresponding generalized aerodynamic force / is expressed
by

/= (6)
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where \pJJL is the dynamic pressure, S is the wing area, and
C(f, T) is the coefficient of generalized aerodynamic force.

For present problem, C(£, r) is a nonlinear function with
respect to £. For a harmonic motion, it can be linearized by
introducing a describing function £>(|, ik)9 then, the following
approximate relation exists:

r) = (7)


